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EXPLICIT EXPONENTIAL MAPS FOR HECKE CHARACTERS
AT ORDINARY PRIMES
LI GUO
Abstract. Let E be an elliptic curve with complex multiplication by the
ring of integers of an imaginary quadratic field K. The theory of complex
multiplication associates E with a Hecke character ψ. The Hasse-Weil L-
function of E equals the Hecke L-function of ψ, whose special value at s = 1
encodes important arithmetic information of E, as predicted by the Birch and
Swinnerton-Dyer conjecture and verified by Rubin[Ru] when the special value
is non-zero. For integers k, j, special values of the Hecke L-function associated
to the Hecke character ψkψ¯j should encode arithmetic information of the Hecke
character ψkψ¯j , as predicted by the Bloch-Kato conjecture[B-K]. When p is
a prime where E has good, ordinary reduction, the p-part of the conjecture
has been verified when j = 0[Ha] and when j 6= 0, p > k[Gu]. To verify the
conjecture in other cases, it is important to have an explicit description of the
exponential map of Bloch and Kato. In this paper we provide such an explicit
exponential map for the case j 6= 0, p ∤ k.
Let K be an imaginary quadratic field with ring of integers OK . Let E be an
elliptic curve with complex multiplication by OK , and let ψ be the Gro¨ssencharacter
associated to E by the theory of complex multiplication. For integers k, j, we have
the Gro¨ssencharacter ϕ = ψkψ¯j . The behavior of the Hecke L-function L(ϕ−1, s)
at s = 0 is predicted by the conjecture of Bloch and Kato. When k > −j ≥ 0,
L(ϕ−1, 0) 6= 0 and E has good, ordinary reduction at p, the p-part of the Bloch-
Kato conjecture is verified by using Iwasawa theory when j = 0[Ha] and when
j 6= 0, p > k[Gu]. In order to study the remaining case (when j 6= 0, p ≤ k), it is
important to get an explicit exponential map for the p-adic representation from the
Gro¨ssencharacter ϕ. Such an explicit exponential map is needed to describe the
image of the exponential map and thus to get control of the Tamagawa number that
appears in the Bloch-Kato conjecture. We will provide such an explicit exponential
map (Theorem 2) in this paper.
When j = 0, an explicit exponential map is given by Harrison[Ha], building on
previous work of Bloch and Kato [B-K], and Fontaine [Fo2]. It is obtained by
first finding an explicit reciprocity law for the height one Lubin-Tate formal groups
and then using the fact that the p-adic representation from the Gro¨ssencharacter
actually comes naturally from such a Lubin-Tate formal group. This is not the case
when j 6= 0. However we will show that for p ∤ k, it is still possible to relate the
p-adic character from ϕ to a formal group over a finite extension of K. Then an
explicit exponential map can be obtained (Theorem 2). Once this is done, the p-
part of the Bloch-Kato conjecture could be proved by an argument that is lengthy
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and technical, but otherwise analogous to earlier work[Ha, Gu]. Thus we have
chosen not to give the full details here.
For good, ordinary primes p, the p-part of the Bloch-Kato conjecture of ϕ has
been verified in [Gu] when p > k. Thus the explicit exponential map developed
here is essential only for the finite many primes p ≤ k, p ∤ k. The same method
could be applied to the case when the character ϕ is twisted by a finite character,
i.e., to the case when we have a Gro¨ssencharacter over an imaginary quadratic field
of class number one. More interesting, of course, is the case when the prime p is
supersingular. This time the height of the formal group is two and until recently the
only known explicit reciprocity law had been the one of Wiles[Wi] when k = 1, j =
0. Rubin[Ru] used this explicit reciprocity law and the Iwasawa main conjecture
to verify the Birch and Swinnerton-Dyer conjecture in an important case. It is
equivalent to the Bloch-Kato conjecture for the character ψ when L(ψ−1, 0) 6= 0.
In an important paper[Ka], Kato formulated a very general explicit reciprocity
law for Lubin-Tate formal group of any height. It apparently implies the explicit
exponential map for the p-adic characters from ψk, p supersingular. It is our hope
that, combining with Kato’s result, the method of this paper would shed further
light on the study of other characters at supersingular primes.
In §1, notations will be introduced and the explicit reciprocity law of Harrison
will be stated, together with other preliminary results. In §2 we prove a relation
between the p-adic Hecke characters and the formal group characters for Lubin-Tate
groups of height one (Proposition 2.1). With this relation we obtain an explicit
exponential map for the p-adic characters (Theorem 2), which, in turn, enable us
to, in essence, describe the image of the exponential map (Proposition 2.2).
It should be clear that this work is based the ideas from [Fo2, Ha]. The author
is indebted to their work. The author is also grateful to Karl Rubin for helpful
discussions.
1. Notations and preliminaries
For each prime p of Q, let Q¯p be the algebraic closure of Qp, and let Qunp be the
maximal unramified extension ofQp in Q¯p. Denote Cp (resp. Dp) for the completion
of Q¯p (resp. Qunp ) and denote OCp and ODp for the corresponding rings of integers.
Let π be a uniformiser of Qp and F be a one-dimensional Lubin-Tate module over
Zp of height one for π. Let mp be the maximal ideal of OCp and let Fpin be the
group of πn-torsion points of F(mp). Let L be the finite unramified extension of
Qp of degree d. Let F be the Frobenius. Then L(Fpi∞)/L is a totally ramified
Z×p -extension. Thus the action of GQp on Fpi∞ gives rise to a continuous Galois
character κ : GQp → Z
×
p with kernelGL(Fpi∞). LetQp(κ
n) be the 1-dimensionalGL-
representation over Qp induced from κn, n ∈ Z. Harrison[Ha] proved an explicit
reciprocity law for Qp(κn). We need more notation to formulate it. For more details
see [de] and [Ha].
Let Gm be the formal multiplicative group. There is θ(T ) ∈ ODp [[T ]] giving
a Zp-isomorphism from Gm onto F over ODp . We fix a coherent set of primitive
p-power roots of unity (ζn)n≥0, that is, ζ0 = 1, ζ1 6= 1, ζ
p
n+1 = ζn for n ≥ 0. Define
πn = θ
F−n(ζn − 1), n ≥ 0. Then we have πn ∈ Fpin/Fpin−1 and [π]F(πn) = πn−1.
Let λF(T ) ∈ Hom(F,Ga) be the formal logarithm of F and let log(1 + T ) =∑∞
i=0
(−1)i−1
i T
i be the formal logarithm of Gm. Then λF(θ(T )) = Ωp log(1 + T ).
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Here Ωp ∈ ODp satisfies Ω
σ
p = (κ(σ)/χp(σ))Ωp, σ ∈ GQp , and χp is the p-cyclotomic
character associated to the formal group Gm.
Now write Ln for L(Fpin), n > 0, L0 = L, and U
1
Ln
for the units of OLn which
are congruent to 1 modulo the maximal ideal. Define U1∞ = lim
←−
U1Ln where the
inverse limit is with respect to the norm maps. For a norm coherent sequence
u = (un) ∈ U
1
∞ of 1-units, let gu(X) ∈ OL[[X ]]
× be the Coleman power series such
that gF
−i
u (πi) = ui, i ≥ 1 and gu(0)
1−F−1 = u0.
For k ≥ 1, the k-th Coates-Wiles homomorphism φkCM : U
1
∞ → L is defined by
φkCW (u) =
[
1
λ′
F
(Y )
d
dY
]k
log gu(Y )|Y=0.
φkCW is a Zp-homomorphism and φ
k
CW (u
σ) = κk(σ)φkCW (u) for σ ∈ GL.
Next we define the reciprocity map. Define tpi = Ωpt ∈ B
+
crys where t is the usual
element of Bcrys on which GQp acts via the p-adic cyclotomic character. Then we
have tFpi = πtpi and t
σ
pi = κ(σ)tpi , σ ∈ GL. Multiplying each term of the exact
sequence
0→ Qp(k)→ J
[k]
Q
1−p−kF
−→ B+crys → 0
from [B-K, (1.13)] by Ωkp we get the exact sequence
0→ Qptkpi → Fil
kB+crys
pi−kF−1
−→ B+crys → 0
Note that Qptkpi = Qp(κ
k) as GL-representations. Thus the cohomology coboundary
map from this exact sequence gives the reciprocity law
L = (B+crys)
GL −→ H1(L,Qp(κk))(1)
Let G = Gal(L∞/L). By inflation-restriction map and local class field theory we
also have the isomorphism
H1(L,Qp(κk)) ∼= H1(L∞,Qp(κk))G
∼= HomG(G
ab
L∞ ,Qp(κ
k))
∼= HomG(U
1
∞,Qp(κ
k)),
where GabL∞ is the largest abelian quotient of GL∞ .
In [Ha], Harrison proved the following explicit description of the reciprocity law
from the equation (1).
Theorem 1. Let L be a finite unramified extension of Qp and r ≥ 1. Then, iden-
tifying Qp(κk) with Qptkpi ⊆ B
+
crys, the reciprocity law map from (1)
∂k : L = (B+crys)
GL → H1(L,Qp(κk)) ∼= Hom(U1∞,Qp(κ
k))
is given by
∂k(a) = {u 7→
1
(k − 1)!
TrLQp(aφ
k
CW (u))t
k
pi}, u ∈ L
where TrLQp is the trace map from L to Qp.
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We next define
l˜og gu(X) = log gu(X)−
1
p
∑
λ∈Epi
log gu(X [+]λ)
= log gu(X)−
1
p
log gFu ([π]F(X))
Then l˜og gu(θ(X)) ∈ ODp [[X ]] corresponds to an ODp -valued measure on Zp which
is actually supported on Z×p ∼= Gal(L∞/L). Thus we can define an ODp -valued
measure µu ∈ ODp [[G]] on G = Gal(L∞/L) by
l˜og gu(θ(X)) =
∫
G
(1 +X)κ(σ)dµu(σ)
and extend it to a measure on G = Gal(L∞/Qp).
Following Harrison we define
hku(X) =
(
1
λ′
F
(X)
d
dX
)k
log gu(X) ∈ OL[[X ]]
and
h˜u
k
(X) =
(
1
λ′
F
(X)
d
dX
)k
l˜og gu(X) ∈ OL[[X ]]
The following equations are proved in [Ha]. For k ≥ 1,
h˜u
k
(X) = hku(X)−
πk
p
(hku)
F ([π]F(X))(2)
φkCW (u)−
πk
p
[φkCW (u)]
F = Ω−kp
∫
G
κ(σ)kdµu(σ)(3)
π−k(hku)
F−1(π1) = (pΩp)
−k
∫
G
κ(σ)kζ
κ(σ)
1 dµ
F−1
u (σ) + p
−1φkCW (u)(4)
Here ζ1 is a primitive p-th root of unity.
We next summarize basic properties of anomality.
Proposition 1.1. Let L be the unramified extension of Qp of degree d | p− 1. Let
F be the Frobenius element of Gal(L/Qp). Let ǫ be the cyclotomic character of
order d. For any integer N > 0, the following statements are equivalent.
1. µpN ⊆ L(Fpi∞).
2. (pip )
[L:Qp] ≡ 1 mod pN .
3. pip ≡ ǫ(F )
S mod pN , for some ≥ 0, where F is the Frobenius element of
Gal(Qp(µd)/Qp).
If one (hence all) of the above conditions holds then we also have
4. χN (σ) ≡ κ(σ) mod p
N , for σ ∈ Gal(L(Fpi∞)/L), where χN : G → (Z/pNZ)×
is the character giving the action of Gal(L(Fpi∞)/L) on µpN .
5. χN (σ) ≡ ǫ
S(σ) mod pN , for σ ∈ Gal(L(Fpi∞)/L) and for the integer S in
statement 3.
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We define the index of anomality of Fpi over L to be the largest integer N in the
proposition. By local class field theory, this N exists for Fpi 6= Gm.
Proof of Proposition: (1)⇐⇒ (2) is a consequence of local class field theory[de,
I.3.7].
(2) ⇐⇒ (3) follows from the fact that µd is a subset of µp−1 ⊆ Z×p and hence
are distinct modulo p.
(1) =⇒ (4) is obtained from lifting σ to σ˜ ∈ Gal(Q¯p/Qunp ) and applying it to the
equation πN = θ
F−N (ζN − 1). Similarly for (5). For more details, see [de, Ha].
Ξ
We have the fundamental exact sequence [de, I.3.7] of ODp [[Gal(L(Fpi∞)/L)]]-
modules
0→ U1∞⊗ˆZpODp
i
−→ ODp [[Gal(L(Fpi∞)/L)]]
j
−→ (ODp/p
N)(χN )→ 0(5)
where i obtained by first defining i(u) = µu for u ∈ U
1
∞ and then extending linearly,
j is given by j(µ) =
∫
G
χN (σ)dµ(σ) regardingODp [[Gal(L(Fpi∞)/L)]] asODp -valued
measures on Gal(L(Fpi∞)/L).
2. Explicit exponential maps at ordinary primes
Now we use the explicit reciprocity law (Theorem 1) to get an explicit exponential
map for the Hecke character ϕ = ψkψ¯−j at a good, ordinary prime p, that is, at a
prime p where the associated elliptic curve E/Q has good, ordinary reduction. Fix
an embedding ip : Q¯ →֒ Q¯p and let vp be the associated place of Q¯ above p. For
u ∈ Z×p , let < u > be the projection of u onto the direct factor 1 + Zp of Z
×
p .
Theorem 2. Let p be an ordinary prime, p ∤ k. Let ℘ be the prime of K with vp|℘
and let ϕ℘ be the ℘-adic character associated to ϕ. Let π = ψ(℘) < ψ¯
−j(℘) >1/k.
Let L ⊇ Qp(E
⊗(−j)
ψ¯(℘)
) be an unramified extension. The exponential map
expL : L = DRL(Qp(ϕ℘))→ H
1(L,Qp(ϕ℘)) ∼= HomG(U1∞,Qp(ϕ℘))
of Bloch and Kato [B-K, §3], whose construction will be reviewed in the proof, has
the following explicit description. Denote fa = expL(a) ∈ HomG(U
1
∞,Qp(ϕ℘)) with
a ∈ L = DRL(Qp(ϕ℘)), then
fa(u) =
1
(k − 1)!
TrLQp [(a−
aF
πk
)φkCW ]Tϕ.
Here φkCW is the k-th Coates-Wiles homomorphism (1) associated to the Lubin-
Tate formal Zp-module for the uniformiser π, Tϕ is a Qp-basis of Qp(ϕ℘) and L is
identified with DRL(Qp(ϕ℘)) by a 7→ at−kpi ⊗ Tk.
The proof of the theorem is based on the following relation between the p-adic
Hecke characters and p-adic characters from Lubin-Tate formal groups.
Proposition 2.1. Let π be a uniformiser of Zp. Write π = up with u ∈ Z×p . Let
Fpi be the Lubin-Tate formal group associated to π, κpi : GQp → Z
×
p the character
obtained from the Galois action on the π-power division points in Fpi(PQ¯p). Then
κpi = ψ℘ψ
r
℘∗ , where r =
logp u
logp(p/piE)
+ 1, πE is the uniformiser for the Lubin-Tate
formal group from the CM elliptic curve E.
6 LI GUO
Proof: Since Fpi and Eˆ = FpiE are isomorphic over the maximal unramified exten-
sion of Qp, κpiψ−1℘ is an unramified character GQp → Z
×
p , hence induces a character
Gal(Qunp /Qp) ∼= Zˆ → Z
×
p . Since ψ℘∗ : GQp → Z
×
p is unramified and induces sur-
jective map ψ℘∗ : Gal(Qnrp /Qp) ∼= Zˆ → Z
×
p , there is f : Z
×
p → Z
×
p such that
f ◦ ψ℘∗ = κpiψ
−1
℘ . Since Z
×
p is pro-cyclic, f is of the form f : x 7→ x
r for some
r ∈ Z×p . Thus κpi = ψ℘ψ
r
℘∗ . By local class field theory,
κpi(π) = ψ℘(πE) = ψ℘∗(u) = 1.
By the theory of complex multiplication, ψ℘∗(πE) = p/πE. Thus ψ℘∗(π) = ψ℘∗(πE) =
p/πE and ψ℘(π) = ψ℘∗(π)
−r = (p/πE)
−r.
On the other hand, Since ψ℘(πE) = 1, we have ψ℘(π) = ψ℘(π/πE). Since Eˆ
and Gm are isomorphic over the maximal unramified extension of Qp, ψ℘χ−1p is
unramified. Thus we have ψ℘(π/πE) = χp(π/πE). By class field theory[Ne, p.63],
ξ
χp(pi/piE)
pn = (π/πE ,Qp)ξpn = [(π/πE)
−1]Gmξpn = ξ
(pi/piE)
−1
pn .
So χp(π/πE) = (π/πE)
−1. Thus uppiE =
pi
piE
= ψ℘(π) = (
p
piE
)r = ( ppiE )
r and u =
(p/πE)
r−1. Taking the base p logarithm proves the proposition. Ξ
Proof of the Theorem: We first relate ϕ℘ to a formal group character. Let
π = ψ(℘) < ψ¯−j >1/k, as defined in the theorem. Let κpi be the corresponding
formal group character, defined by the Galois action of GQp on the division points
of the formal group Fpi. Since p = ψ(℘)ψ¯(℘) and ψ(℘) = πE , we have ψ¯(℘) = p/πE.
By Proposition 2.1, if π = p(p/πE)
r with r ∈ Z×p , then κpi = ψ℘ψ
r
℘∗ . Let r
′ ∈ Z×p
be chosen with ( ppiE )
r′ =< ppiE >, then we get
π = ψ(℘) < ψ¯−j(℘) >1/k= p(
πE
p
)(
πE
p
)r
′(−j/k).
Thus κpi = ψ℘ψ
r′(−j/k)
℘∗ and κ
k
pi = ψ
k
℘(ψ
r′
℘∗)
(−j). Note that multiplication by r′ is
the projection of Z×p onto the factor 1 + Zp. Thus ψ
r′
℘∗ is trivial on the prime to p
part of the Galois group Gal(Qp(E(℘∗)∞)/Qp) and is the identity on the pro-p-part
of this group. Therefore φr
′
℘∗ is the same as ψ℘∗ regarded as characters on Qp(E℘∗).
Thus κk = ψk℘ψ
−j
℘∗ on L. It follows that t
k
pi ⊗ Tϕ is an element in DRL(Qp(ϕ℘)).
By definition, the exponential map ExpL of Bloch and Kato[B-K] is defined to
be the connecting homomorphism when we takeGL-invariants of the exact sequence
from [B-K]
0→ Qp(ϕ℘)
α
→ BF=1crys (ϕ℘)⊕B
+
DR(ϕ℘)
β
→ BDR(ϕ℘)→ 0
where α is given by α(xTϕ) = (x⊗Tϕ, x⊗Tϕ) and β is given by β(x⊗Tϕ, t⊗Tϕ) =
((x−y)⊗Tϕ). We now choose x ∈ B
F=1
crys (ϕ℘) and y ∈ B
+
DR such that x−y = at
−k
pi .
Then y = x− at−kpi ∈ Bcrys.
Let x1 = t
k
pix, y1 = t
k
piy. Since y ∈ Fil
0Bcrys ⊆ Bcrys and t
k
pi ∈ B
+
crys, we have
y1 ∈ Bcrys ∩ Fil
kBDR = Fil
kBcrys.
By definition, xF1 = π
kx1. From x = y + at
−k
pi we get x1 = y1 + a ∈ Fil
kBcrys +
B+crys ⊆ Fil
0Bcrys. Also,
yF
m
1 = x
Fm
1 − a
Fm = πkmx1 − a
Fm
∈ FilkmBcrys +B
+
crys ⊆ Fil
0Bcrys, ∀m ≥ 0.
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Now we show that y1 ∈ B
+
crys. This would give y1 ∈ Fil
kB+crys. As Bcrys =
∪s≥0t
−sB+crys, there is s ≥ 0 with y1 ∈ t
−sB+crys. If s = 0 we are done. If s > 0,
then tsy1 ∈ B
+
crys and
(tsy1)
Fm = pmstsyF
m
1 ∈ Fil
sBcrys ⊆ Fil
1Bcrys.
By [Fo1, Prop. 4.14], this shows tsy1 ∈ tB
+
crys. Hence t
s−1y1 ∈ B
+
crys. Repeat this
process s times, we get y1 ∈ B
+
crys, as needed.
By definition, for g ∈ GL,
ExpL(at
−k
pi ⊗ Tϕ)(g) = (x⊗ Tϕ, y ⊗ Tϕ)
g − (x⊗ Tϕ, y ⊗ Tϕ)
= ((x⊗ Tϕ)
g − x⊗ Tϕ, (y ⊗ Tϕ)
g − y ⊗ Tϕ).
which is mapped to zero via β. Hence it is an image of α. Thus (x⊗Tϕ)
g−x⊗Tϕ =
(y ⊗ Tϕ)
g − y ⊗ Tϕ ∈ Qp(ϕ℘) and
ExpL(at
−k
pi ⊗ Tϕ)(g) = (y ⊗ Tϕ)
g − y ⊗ Tϕ
= ϕ−1℘ (g)t
−k
pi y
g
1ϕ℘ ⊗ Tϕ − t
−k
pi y1 ⊗ Tϕ
= t−kpi (y
g
1 − y1)⊗ Tϕ
It is shown above that y1 ∈ Fil
kB+crys, hence (π
−kF − 1)y1 ∈ B
+
crys in the exact
sequence
0→ Qptkpi → Fil
kB+crys
pi−kF−1
−→ B+crys → 0.
So yg1 − y1 is the image of (π
−kF − 1)y1 under the boundary map ∂
k
pi . But
π−kFy1 = π
−kF (x1 − a) = π
−kxF1 − π
−kaF = x1 − π
−kaF .
So
(π−kF − 1)y1 = π
−kF (x1 − a)− (x1 − a)
= x1 − π
−kaF − (x1 − a)
= a− π−kaF .
Thus
ExpL(at
−k
pi ⊗ Tϕ)(g) = t
−k
pi (y
g
1 − y1)⊗ Tϕ
= t−kpi ∂
k
pi((π
−kF − 1)y1)(g)
= t−kpi ∂
k
pi(a− π
−kaF )(g).
Composing it with the reciprocity map in local class field theory, and applying
Theorem 1, we get, for u ∈ U1∞,
ExpL(at
−k
pi ⊗ Tϕ)(u) =
1
(k − 1)!
TrLQp [(a−
aF
πk
)φkCW ]Tϕ.
Ξ
We now consider L/Qp, an unramified extension of degree d|p−1. For application
to the Bloch-Kato conjecture, L will be Qp(E
⊗(−j)
(piE)
). The degree is (p− 1)/gcd(p−
1, j). By local class field theory and Kummer theory L = Qp(α) where α = u1/d
with u a unit of Q×p but not in (Q
×
p )
r for any proper divisor r of d. In other words,
u is of order d in Q×p /(Q
×
p )
d. As usual, for 1 ≤ n ≤ ∞, define Ln = L(Fpin). Define
G = Gal(L∞/Q), G = Gal(L∞/L), ∆ = Gal(L(Fpi)/L), ∆1 = Gal(L(Fpi)/Qp)
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and ∆′ = Gal(L/Qp). Then we have canonical isomorphisms G ∼= G×∆′ ∼= Γ×∆1,
G ∼= Γ×∆, ∆1 ∼= ∆×∆
′. The related fields are shown in the following diagram.
Qp✏
✏✏
✏✏
∆′ 
 
 
 
∆1
L
Qp(Fpi)
❇❇
L1
❇
❇
∆
Qp(Fpi∞)
❇
❇
❇
❇
❇
❇
❇❇
✏✏
✏
L∞
❇
❇
❇
❇
❇
❇
❇❇
Γ
✆
✆
✆
✆
✆
✆
✆
✆
✆
✆
✆
✆
✆
G
Let ω = κpi|∆. Let ǫ be the character induced from the action of ∆
′ on α. It
is in fact the cyclotomic character of order d. These characters can be regarded as
characters of G acting trivially on Γ. From our choice of d, µd ⊆ µp−1 ⊆ Z×p and
are distinct modulo p. It follows from Proposition 1.1 that the index of anomality
N of L is the largest N such that π/p ≡ ǫ(F )S mod pN for some S, where F is the
Frobenius of ∆′. If N > 0 we choose S such that 0 ≤ S ≤ d− 1.
We have canonical decomposition U1∞
∼= ⊕(s,t)mod(d,p−1)(U
1
∞)
(s,t) of U1∞ on which
∆1 acts via ǫ
sωt. We can also decompose L1 ∼= ⊕0≤t≤p−2L
(t)
1 into the 1-dimensional
L-eigenspaces of L1 with eigen-character ω
t. Choose a L-basis et of L
(t)
1 such that
et = 1 if t = 0 and 0 ≤ vP(et) ≤ p − 2 for any t, where P is the maximal ideal
of OL1 . This could be done by changing et by a power of p if necessary. Now
Dp(Fpi) = Dp(µp) and if we identify Gal(Dp(Fpi)/Dp) with Gal(L(Fpi)/L) = ∆
then ω is the cyclotomic character from the action on µp. Thus we can define the
Gauss sum
G(t) =
{ 1
p−1
∑
σ∈∆ ω
−t(σ)ζσ1 , t 6≡ 0
1, t = 0
It is well-known that vP1 (G(t)) = t, 0 ≤ t ≤ p − 2, where P1 is the maxi-
mal ideal of Dp(Fpi). Since G(t) and et are both in Dp(Fpi)
(t) and have P1-
adic valuation between 0 and p − 2, it follows that they must differ by a unit:
G(t) = utet, ut ∈ O
×
Dp
, 0 ≤ t ≤ p − 2. As L ∼= ⊕0≤s≤d−1Qpαs, we get the de-
composition L1 ∼= ⊕(s,t)mod(d,p−1)L
(s,t)
1 of L1 into eigenspaces L
(s,t)
1 = Qpα
set of
L1 with eigen-character ǫ
sωt.
For k ≥ 1, define
φk : U
1
∞ → L1, u 7→ π
−k(hku)
F−1(π1).
Recall from section 1 that π1 = θ
F−1(ζ1 − 1), and θ(X) ∈ ODp [[T ]] is an Zp-
isomorphism from Gm onto Fpi. φk is a Zp-homomorphism. We will explicitly
determine its image. This will be play an essential role in application to the Bloch-
Kato conjecture.
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Proposition 2.2. Let k ≥ 2. Define Nk = min{N, 1 + vp(k − 1)}. Then
φk(U
1
∞) = p
−k
[
⊕s6≡−S or t6≡1−kZpαset ⊕ pNkZpα−Se1−k
]
If Lk is the lattice of L1 which is the exact annihilator to
1
(k−1)!φk(U
1
∞) under the
pairing
TrL1Qp : L1 × L1 → Qp/Zp
then
Lk =


pk(k − 1)!
[⊕
t≡0(p−1) Zpα
set ⊕
⊕
t6≡0(p−1) p
−1Zpαset
]
, if N = 0
pk(k − 1)!
[⊕
t≡0(p−1) Zpα
set
⊕
⊕
t6≡0,k−1(p−1),or t≡k−1,s6≡S p
−1Zpαset⊕
p−Nk−1ZpαSek−1
]
, if N 6= 0
Proof: This is again similar to the j = 0 case. Recall that
hku(X) =
(
1
λ′
F
(X)
d
dX
)k
log gu(X) ∈ OL[[X ]].
As in [de, I.3.5.3], the properties of gu imply that φk(u
σ) = κ(σ)k[φk(u)]
σ for
σ ∈ G where we consider κ as a character on G that is trivial on ∆′. Therefore
if σ ∈ ∆, we have φk(u
σ) = ωk(σ)[φk(u)]
σ and so φk((U
1
∞)
(s,t)) is contained in
L
(s,t−k)
1 = Qpα
set−k.
As φk is Zp-linear we have φk((U1∞)
(s,t)) = prs,tZpαset−k for some rs,t ∈ Z and
so by G(t) = utet, ut ∈ O
×
Dp
φk((U
1
∞)
(s,t))ODp = p
rs,tG(t− k)ODp
as a subset of Dp(Fpi). We only need to compute the integers rs,t.
We first decompose ODp [[G]] into eigenspaces for the eigen-characters ω
t of ∆
ODp [[G]] = ⊕0≤t≤p−2ODp [[Γ]]Et,
with Et =
1
p−1
∑
σ∈∆ ω
−t(σ)σ ∈ Zp[∆]. This enable us to write µu as µu =∑
Etµu,t, µu,t ∈ ODp [[Γ]], considered as elements in ODp [[G]]. For each 0 ≤ t ≤
p− 2, define
ψt : U
1
∞ → ODp , u 7→
∫
Γ
κ(σ)kdµu,t(σ).
This map is Zp-linear and hence can be extended to a ODp -linear map from
U1∞⊗ˆZpODp toODp . The decomposition of U
1
∞ gives a decomposition of U
1
∞⊗ˆZpODp
into the sum of eigenspaces (U1∞)
(s,t)⊗ˆZpODp . From µuσ = σµu, σ ∈ G, we
see that for σ ∈ ∆, µuσ ,t = ω
t(σ)µu,t and ψt(u
σ) = ωt(σ)ψt(u). Thus for
u ∈ (U1∞)
(s,t)⊗ˆZpODp , we have ψt1(u) = 0 unless t1 = t. Similarly from φ
k
CW (u
σ) =
κk(σ)φkCW (u) = ω
k(σ)ψkCW (u), σ ∈ ∆, we obtain that φ
k
CW (u) = 0 for u ∈
(U1∞)
(s,t)⊗ˆZpODp unless k ≡ t mod p− 1.
By equation (4),
φk(u) = (pΩp)
−k
∫
G
κ(σ)kζ
κ(σ)
1 dµ
F−1
u (σ) + p
−1φkCW (u)
= (pΩp)
−k 1
p− 1
∑
t
∑
σ∈∆
ω−t(σ)
∫
Γ
κ(σγ)kζ
κ(σγ)
1 dµ
F−1
u,t (γ) + p
−1φkCW (u)
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Since κ(σγ) = κ(σ)κ(γ) = ω(σ)κ(γ), and for γ ∈ Γ, we have κ(γ) ≡ 1 mod p and
ζ
κ(σγ)
1 = ζ
ω(σ)
1 , we obtain
φk(u) = (pΩp)
−k
∑
t
G(t− k)[ψt(u)]
F−1 + p−1φrCW (u)(6)
Now if u ∈ (U1∞)
(s,t)⊗ˆZpODp with t 6≡ k mod p − 1, then φ
k
CW (u) = 0 and
ψt1(u) = 0 for t1 6= t. So the previous equation implies that φk(u) = (pΩp)
−kG(t−
k)[ψt(u)]
F−1 . Hence
φk((U
1
∞)
(s,t))ODp = p
−kG(t− k)[ψt((U
1
∞)
(s,t)⊗ˆZpODp)]
F−1 .
On the other hand, if u ∈ (U1∞)
(s,t)⊗ˆZpODp with t ≡ k mod p− 1, then it is easy to
see that φkCW (u
τ ) = [φkCW (u)]
τ for τ ∈ ∆′ = G(L/Qp) ∼= G(L(Fpi∞)/Qp(Fpi∞))),
so φkCW (u) ∈ L
s, the eigenspace for the character χs, and
[φkCW (u)]
F = χs(F )φkCW (u) = ρ
sφkCW (u).
Then equation (3) shows that
(1−
πk
p
ρs)φkCW (u) = Ω
−k
p
∫
G
κ(σ)kdµu(σ) = Ω
−k
p ψr(u) = Ω
−k
p ψt(u).
Then equation (6) gives
φk(u) = (pΩp)
−k[ψt(u)]
F−1 + p−1Ω−kp (1−
πk
p
)−1ψt(u).
It remains to determine ψt((U
1
∞)
(s,t)⊗ˆZpODp). Since χN (σ) ≡ ǫ
−S(σ) mod pN
by Proposition 1.1, the exact sequence (5)
0→ U1∞⊗ˆZpODp
i
−→ ODp [[G]]
j
−→ (ODp/p
N )(χN )→ 0
induces exact sequences of ODp [[Γ]]-modules
0→ (U1∞)
(s,t)⊗ˆZpODp → ODp [[Γ]]→ 0
if (s, t) 6≡ (−S, 1) mod (d, p− 1) and
0→ (U1∞)
(s,t)⊗ˆZpODp → ODp [[Γ]]→ (ODp/p
N )(κ)→ 0
if (s, t) ≡ (−S, 1) mod (d, p− 1). If (s, t) 6≡ (−S, 1) mod (d, p− 1), then
ψt((U
1
∞)
(s,t)⊗ˆZpODp) = ODp .
So φk((U
1
∞)
(s,t))ODp = p
−kG(t− k)ODp which means that
φk((U
1
∞)
(s,t)) = p−kZpαset−k.
If (s, t) ≡ (−S, 1) mod (d, p− 1), then the above exact sequence shows that
ψ1((U
1
∞)
(−S,1)⊗ˆZpODp)ODp
= {P (κ(γ0)
k − 1) | P (X) ∈ ODp [[X ]], P (κ(γ0)− 1) ≡ 0 mod p
N}
when we identify ODp [[Γ]] with ODp [[X ]] by choosing a generator γ0 of Γ with
κ(γ0) = 1 + p and identifying γ0 with 1 + X . Let Sn be the set of polynomials
of degree n in ODp [[X ]] such that P (p) ≡ 0 mod p
N , then it is easily shown that
P ((1 + p)k − 1) ≡ 0 mod pNk for any P ∈ Sn and that there is a P ∈ SN such that
P ((1+p)k−1) 6≡ 0 mod pNk+1. Since every element of ODp [[X ]] can be written as a
product of a polynomial and a unit power series, the same is true for the set of power
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series whose polynomial part has degree n. Therefore ψ1((U
1
∞)
(−S,1)⊗ˆZpODp) =
pNk . Thus φk((U
1
∞)
(−S,1)) = pNk−kZpα−Se1−k. This proves the first statement.
To prove the second statement, first note that TrL1Qp(α
set) = 0 unless s = t ≡ 0.
It then follows that TrL1Qp(α
set · α
s1et1) = 0 unless s ≡ −s1 and t ≡ −t1 since
αset · α
s1et1 ∈ α
s+s1et+t1 by definition. Finally, e1 = 1, and, for t 6= 0, since
v℘(et) = v℘(G(t)) = t, where ℘ is the prime of L1, we get v℘(et · e−t) = p− 1 and
hence vp(et · e−t) = 1. The second statement follows from these facts and the first
statement. Ξ
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